A simulation model based upon diffusion limited cluster-cluster aggregation is developed with an applied drift force so that sedimentary behaviour of aggregating clusters can be studied. Metrics for the size and number of aggregates and their compactness and nature are applied to numerical simulations on three-dimensional systems. The model is parameterised in terms of particulate density and a dimension-less Peclet number which are shown to both have critical values and corresponding regimes of differing behaviour. We discuss the potential and limitations of the model for simulating flocculation in water treatment systems or other scenarios where aggregating clusters aggregate under the influence of a directed field.
Introduction
Flocculation phenomena arise when partially formed aggregates stick together producing complex structural forms that typically have a low degree of compactness and which are often characterised by a fractional dimension. The aggregates or flocculants that form in colloidal systems are typically quite large compared to individual particulate sizes and have an important effect on how the complex fluid behaves in the bulk. Such systems are particularly interesting to study when a drift force causes heavier aggregates to fall fast than smaller ones. Such systems exhibit sedimentary accumulation, although the sediment may be complex in nature and be non uniformly dense.
We develop a variation of the diffusion-limited cluster-cluster aggregation (DLCA) model in three dimensions. The reported simulations essentially model a flocculation tube containing an initially well mixed colloidal solution. In time the component particles aggregate together and separate out with heavier aggregates falling under a stochastic drift force. This is illustrated in concept for a two dimensional system in Figure 1 . It shows simulations of the two-dimensional diffusion-limited cluster-cluster aggregation model in a "tube" with periodic horizontal boundaries and fixed vertical boundaries. The randomly placed particles aggregate and drift under the increased weight of the Figure 1 . Snapshots of a two dimensional sedimentary cluster cluster aggregating system, at times 0, 100 and 400. Particles aggregate, and fall under the mass-dependent stochastic drift force.
growing clusters, and accumulate on the floor. Some snapshots of a three dimensional simulated system with artificially shaded colour rendering by aggregate are shown in Figure 2 .
The DLCA model [14, 20] is not new and ha s been investigated using numerical simulations in both one dimension [15] and two dimensions [3, 11] . It is quite computationally expensive to investigate three dimensional variants on sufficiently large systems sizes and our present work is based on a custom developed simulation program written in C++ to allow systems of up to 256 3 cells to be studied.
The basis of the model is a lattice of cells that are initially filled randomly with "particles" that can diffuse around and which stick to one another persistently when they encounter one another using a highly localised or nearest neighbour interaction range [13] .
The homogeneous DLCA model has been used to study various material effects including clumping of small magnetic particles [7, 21] , sol-gels [10] , poly disperse systems [6] , flocculants [5] in clay-like minerals [28] , aerosols [18] and colloids [2] . Reported experimental work on various flocculating systems using optical scattering [16] techniques is making it possible to study the behaviour of realistically sized flocculants and this is a driver for developing a viable computational model. Flocculation or cluster aggregation continues to be an important process in material science, in chemical engineering and in atmospheric science. Some well known material examples include the clumping together or soot particles and also certain aerosols such as some paints and other colloids [1, 8, 10] and polymers [24] . There is an interesting interplay between the simple particle aggregation effect and the ballistic motion of particles that have a definite weight or preferred diffusive direction such as from a spray or in gravitationally controlled sediments. The "DLCA" model of diffusion limited cluster-cluster aggregation [19] continues to attract new interest and reported work [9, 31] .
The DLCA model is known to have complex scaling behaviours [4] in terms of its dynamics [15] and also in terms of both the morphology of aggregates produced [3] and coagulation rates [33] . The model can be understood only to a limited extent using analytic methods such as mean field theory [22] and therefore numerical simulation methods are required to study the system. Some progress on a theoretical analysis of aggregating systems has been made using vibrational dynamics [27] and renormalisation group techniques [32] and a computational model also offers scope for bridging together theory and experimental results using the right parameters.
Our article is structured as follows: In Section 2 we describe the sedimentary cluster-cluster aggregating model and its parameterisation using particle density and Peclet number. We present a range of measurements in Section 3 with plotted results including: size of the largest aggregate; number of aggregates; aggregate compactness, and number of dimers present. We discuss the significance of the model and the power-laws fitted to some of the data in Section 4 and offer some conclusions and areas for further study in Section 5.
Simulation Model
The Diffusion-limited cluster-cluster aggregation (DLCA) model is simulated on a lattice using an array of cells that can be filled d or empty. We set up the N = L y × L x × L z cells so that the height or y-direction is longer than the horizontal x, z plane. This allows falling particles more time to aggregate before reaching the "floor" or the simulated cuboidal "tube." At a microscopic level the cells are initialised randomly by setting each cell to filledd with some probabilistic fill fraction f so that on average we have f.N filled cells or "particles." Each particle can be moved around randomly in a diffusive process but for the cluster-cluster model we need to identify and maintain a list of all the aggregate clusters of particles. We then move whole clusters around at once and when two clusters touch they stick together and effectively are merged into a single cluster.
The model becomes more interesting if we apply a directed drift force so that cluster move in a preferred direction and. We model this using a mobility that is based upon the clusters total size or mass with all individual particles have the same (unit) mass. Reported work by Peltomaki [23] and others suggests that sedimenting aggregates do not rotate appreciably but have an anisotropy that is independent of their size. We use this as a justification for the lattice based model Clusters can move in any of the six cardinal directions in positive or negative x, y, z, and we compute the relative probabilities of the moves based on the cluster mass and the chosen drift force direction. In the work reported here we use a simple downward drift force to emulate a gravity effect on aggregates.
Peltomaki et al also report that the typical length scales for sedimentary aggregates in material systems are greater than 1µm. The DLCA model can be interpreted as having a lattice cell size of around this length. We need to simulate as large a system as possible to capture the various length scaled phenomena that occur during sedimentation. The main computational effort for implementing this model is to manage the data structures for the aggregates and to facilitate merging of two aggregates when they touch. Cluster component labelling can be approached in a number of ways [12] and has strong potential for parallelism although we use a single serial program implementation for the work reported in this present paper.
The system is initialised with random (filled cell) particles uniformly distributed. Each particle is effectively an
fix lattice geometry, size N fix initial volume fill fraction f fix Peclet number P e for all runs do for all steps do place f.N particles randomly identify aggregates for all f.N hits do choose a random aggregate j compute mobility of aggregate j compute stochastic direction move aggregate if any aggregates are touching then merge touching aggregates end if end for if fewer than 10 aggregates then stop time-step iteration end if record time-step measurements end for end for normalise averaged measurements aggregate of one and can diffuse randomly at each time step. A complete time step is when each aggregate cluster has had the opportunity to move once on average. Particles or cluster can move in any of the six directions for a 3-dimensional simulation. If two particles or two clusters encounter each other -become adjacent on the lattice, they are deemed to stick together and become a single rigid cluster for subsequent moves. The model is thus initialised using individual cells filled with a volume fraction [25] probability f . Individual aggregate clusters are then identified, and are given separate component labels so that cluster member pointer data structures can be established. The cluster evolution algorithm involves randomly choosing a cluster to make a trial move in a randomly (but biased) direction. If the move leads to two clusters sticking together they are subsequently merged into a single cluster in the data structure.
The touching check as to whether two clusters are adjacent -and therefore whether they should stick and combine as one -requires a order-n × m algorithm to check each n'th particle member of each cluster against all the m particles in the other cluster. This can be speed-optimised by retaining the full d-dimensional mesh of particle cells in the simulation program data structures, since it means that adjacencies and boundary condition information is available with fewer array/pointer lookups.
We incorporate the drift force as a buoyancy force F b = V ∆ρg where V is the volume of the cluster. In the lattice model an aggregate cluster of s particles has a volume of exactly s. The gravitational acceleration is g in appropriate units and the ∆ρ is the difference in particle and background fluid densities. The viscous drag force is given by F d = −Cv where the constant C is dependent upon the fractal geometry [30] but is of order of magnitude similar to that of a falling ball of radius r which has C = 6πηr, with η being the kinematic viscosity. The assumption is that although the analytic expression for C is unknown for our fractal clusters, it is dependent only on an effective hydrodynamic radius. In addition to concentration dependencies [17] , we also assume a relationship v(s) ≈ s δ for the aggregate's cluster velocity v and a scaling exponent δ.
A useful parameter for controlling the simulation is the sedimentary Peclet number [26] . It is defined as the ratio of the rate of advection of a physical quantity by a flow to the rate of diffusion of the same quantity. Formally this becomes: P e (s) = v(s)r D(s) , where the normal diffusion constant is D. This means that the Peclet number allows us to investigate different simulation regimes where sedimentation is more (less) dominant than the normal direction-less diffusion behaviour. Practically this means we can set up the model in terms of simplified biased diffusion probabilities for diffusion downwards (parallel to) and perpendicular to the direction of sedimentation.
where we follow Peltomaki and take γ = −0.70, δ = 0.30, based on an empirical fractal dimension d f = 1.44 and the relationships for the diffusion exponent γ = −1/d f and sedimentary exponent δ = 1 + γ.
In practice, this means that quite subtle changes to the relative probabilities for a cluster or particle moving perpendicular to the direction of sedimentation or parallel to it are controlled by the chosen Peclet number. The dependence on the cluster size s means that larger clusters are heavier and "fall faster" subject to counteracting viscosity and buoyancy effects. This model can readily be implemented as a lookup table and a random number generator used to apply the probabilistic diffusion algorithm.
The model algorithm used for the experiments is summarised in Algorithm 1. We implemented this using around 2,000 lines of C++ code and have used it to investigate the effects of volume fill fraction f and Peclet number P e on a three dimensional model system with closed vertical boundaries at top and bottom of the system.
Experimental Results
We have experimented with a number of different sized systems in three dimensions. A reasonable tradeoff between a large systems size that supports good statistics representative of a bulk system and a size that is small enough to permit reasonable computational times was found to be 128 × 64 2 . We employ periodic boundary conditions around the shorter horizontal lengths but fixed boundaries at the top and bottom of the simulated cuboidal "tube" in the longer dimension. We found no appreciable difference in the results presented when using a longer tube height of 256 cells. Figure 2 shows configuration snapshots of the system run to ten separate clusters where the initial volume fraction of f = 0.005 has led to the approximately N p ≈ 2, 600 particles that were initially scattered uniform randomly in the system, aggregating together an falling under the stochastic drift force to the base of the "tube." As can be seen for a Peclet number P e ≈ 0.01, the aggregates are relatively spindly, whereas when the Peclet number is increased, the aggregates' structures are more compact.
The results presented are based on relatively small numbers of samples. generally we found the standard deviation over between 5 to 10 samples to give error-bars that are comparable to the plot symbol sizes used and so we have not cluttered the plots with error bars. In some cases where there are step changes in the plot line -usually due to the behaviour of one dominant cluster -there are greater experimental uncertainties. Since however many more samples than we have been able to run would be required to smooth out such steps, we have left these presented as from a single run sample, as being more representative of actual behaviour. Figure 3 shows the effect on the volume fraction occupied by the largest aggregate cluster when different initial particle volume fill fractions are used. The same fixed Peclet number value of P e ≈ 0.01 is used while values of f = 0.005, 0.1, 0.2, ..., 0.6 are used. The plot shows how for low particle density the fractional volume of the largest aggregate grows quite slowly with simulation time, whereas above a critical density of f c ≈ 0.1 it will increase quite rapidly. This is essentially a percolation effect as the aggregating particles grow into spindly sparse clusters that rapidly interconnect and span the simulated system.
A similar sampling of the number of separate aggregates present is shown in Figure 4 . A log-log scale empha- sises the cross-over effect in time. Initially the high particle density system has more clusters but these "find" one another and aggregate faster than in a low density system so that the number of aggregates present falls faster when particle density is high and crosses over that of lower density systems.
The simulation time of a particular system depends on the mobilities and density and so forth. It is therefore useful to identify a reasonable stopping criteria for each simulation, to provide a comparison point between runs with different Peclet number and initial density. We have chosen to run each system to the point where there are exactly ten separate cluster remaining. This ad hoc number works well for the chosen system size, and is a compromise between running for a fixed time which leaves the systems difficult to compare, and running to one single cluster which can take unsustainable compute times for some parameter combinations. Figure 5 shows a similar plot for the number of twoparticle aggregates or "dimers" present in the system. Interestingly the number of dimers initially rises following the uniform single particle placement process, but then declines as dimers migrate around and further aggregate into larger clusters. The peak position representing the time when there is a maximum number of dimers present gives one possible characteristic time-scale for comparing different systems.
The mean cyclomatic number defined in terms of C = n bonds − s + 1 gives a measure of the compactness of aggregates relative to their size is shown in Figure 6 . The plots show that the mean C rises almost linearly with simulation time for low density systems , but rises exponentially when density is above some critical value.
In addition to investigating critical volume fill fraction or particle density, we can fix f and investigate the effect of varying the Peclet number P e . Figure 7 shows the volume fraction occupied by the largest aggregate when the particle density fraction f = 0.01 and the Peclet number is varied from P e ≈ 0.01, 0.1, 1, 10. There is a crossover in behaviour around P * e ≈ 5 which is commensurate with critical P e values reported in other work [11] . Below the critical Peclet value the largest aggregate's volume grows relatively slowly followed by a burst later. Above the critical value, the growth is exponential immediately.
The number of clusters plotted against simulation time is shown for various Peclet number values in Figure 8 . The data plotted on a log-log scale shows an initial slow decline then a rapid decay that is characterised by a straight line region on the log-log scale. This indicates power law behaviour and the straight line fits confirm this long time behaviour of n c ≈ t ν with ν ≈ −1.21 for P e = 0.01 and ν ≈ −2.57 for P e = 10. Log-log plots of ν vs P e indicate there is a power law relationship of approxi- A similar analysis of the mean Cyclomatic number as shown in Figure 9 indicates that C ≈ t ζ and that ζ ≈ P 0.2 e . Figure 10 shows the mean cluster size analysed for different Peclet numbers. The long term behaviour is towards straight lines on the log-log plot indicating long term growth that is a power law in terms of time with exponents ξ ranging from 1.17 to 3.35 for low and high Peclet numbers. The relationship ξ ≈ P 0.33 e was determined and we might speculate whether this is in fact 1/3 = 1/d -the reciprocal system dimension.
The number of dimers is once again a useful indicator of the different regimes. In this case, Figure 11 shows how the time dependent number of dimers is almost a universal curve (for the fixed f = 0.01) for Peclet values below 
Discussion
The simulation model has been shown to be viable for reasonable system sizes in three dimensions and is therefore usable for studying actual flocculation and sedimentary systems under a drift force such as gravity. The system size is large enough to show interesting effects although there is scope for further optimisation or use of parallel computing resources to allow better and more extensive statistical sampling.
We have been limited to studying only a select few Peclet number values and it would be worthwhile to make measurements of a greater number of P e sample values to verify the power law relationships postulated. Additional work is needed to clarify the role or need for rotation effects In this present work we have used a cluster-cluster sticking probability of unity, but it would also be possible for clusters to stick with a fractional probability and therefore to be able to remain more mobile before they join. It is also feasible to allow large clusters to potentially break at suitably stressed branch points and so to allow the number of clusters in a system to rise as well as fall.
We speculate that a dynamic equilibrium point might be reachable with appropriate parameter combinations and that that may well more realistically model experimental materials systems. These sorts of model are useful for characterising the behaviour of sediment and the simulation model could be extended to for flowing water system if a horizontal drift force is also applied in additional to the gravitational drift force we have employed in the present work. The stochastic form governed by the mobilities allows for this, although it would no longer be possible to parameterise the model in terms of a single scalar Peclet number.
Other metrics such as the principle vectors characterising the shape of aggregates is also possible [11, 23] . While this has been done only in two dimensional systems, it should be extensible to three and would be an interesting tool for sedimentary flocculates in a flowing water system [29] to indicate whether and how such aggregates align themselves with the flow under various conditions.
Conclusion
We have described how the diffusion-limited clustercluster aggregation model can be used to simulate a sedimentary flocculating system and how this model is parameterised by the particle fill fraction of density and the Peclet number.
We have presented results of this model simulated in three dimensions, varying both density f and Peclet number P e and have identified a number of possible power-law relationships characterising the time t dependent bulk behaviour of the number of measured quantities Q including: the clusters present; the mean cluster size; and the cyclomatic number, in terms of a form Q ≈ t α ; α ≈ P β e for fixed f .
In particular we speculate that for the number of clusters present, n c ≈ t ξ ; ξ ≈ P
1/d
e . There is scope to extend the model to other dimensions such as four as well as carrying out more extensive work in two dimensional systems to verify if this reciprocal dimensional dependence is correct.
The model is quite computationally intensive as it involves manipulating aggregate relationships amongst a large number of "particles" that all potentially touch and therefore interact. Some optimisations are possible using list based data structures to minimise the number of clustercluster touching checks that must be performed but even so the model is not an easy one to scale up to much larger system sizes than those discussed.
We have used a single uniform particle species, but real sedimentary system may involve multiple material components with differing degrees of stickiness or interaction force. The model could be extended to support multiple species by implementing non uniform particle sticking. In addition shearing forces could be incorporated to support the break up of large brittle aggregates at neck points where only a single particle-particle bond links together entire sub aggregates.
The model could also be adapted to make use of continuous space particles rather than discrete integer-based coordinates. This would then allow the possibility of angular momentum in the model and would therefore other more realistic aggregate movements in addition to lattice directional diffusion and drift. Despite its limitations, the sedimentary cluster-cluster model is a step towards modelling large scale complex systems such as flocculation and gelling under the action of multiple drift forces such as in water treatment systems or in natural rivers.
